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Note on the Number of Finite Algebras* 
Communicated by F. Harary 
An abstract algebra is a system ‘8 = (A, oi)icr where each operation 
oi is a single-valued function which assigns to every Zi-tuple of elements 
of A, say (x1, . . . . xii), a value oi(xl, . . . . xQ E A; li is the rank of Oi for 
i E Z and it is assumed that Zi 2 1 for all i E Z. The rank of o is denoted 
by Q(O). ‘% is said to be finite if A is finite and Z is finite. Assume that 
‘If = (A, ol, . . . . ok) is an algebra in which each operation oi is of rank l+ 
The similarity type of Iu is I = (I,, . . . . Z,>. Let cu[ = (A, ol, . . . . ok) and 
9 = (B, ol’, . . . . 0,‘) be two algebras; % is said to be isomorphic to 23 
if A and B have the same similarity type and there is a one-to-one map 
CJI from A onto B such that for any (x1, . . . . xrJ E A’i, 
Y”dxl, .--T ~1~) = Oi(&XI), . . . . v(xli)) (i = 1, . . . . k = m). 
Since isomorphism is an equivalence relation, we speak of the isomor- 
phism type of ‘$I as the equivalence class containing %. The following 
formula for the number of isomorphism types has been established by 
extending the techniques of [2]. The 1.c.m. and g.c.d. are denoted by 
(4, 4, . ..) and (iI, iz, . ..). respectively. 
* This research is sponsored by the Air Force Office of Scientific Research, Grant 
AF-AFOSR-639-64. 
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THEOREM 1. Let 3 = (A, ol, . . . . or;) where each oi : Ali --+ A and 
1 A [ = n; assume that there are m, operations of rank r for r = 1, . . . . 
maXi{e(oi)} = q. The number of isomorphism types of such algebras is 
Using a technique originally due to Harary [l], it is possible to extend 
our results by allowing distinguished constants in the algebras. 
THEOREM 2. Let 3 = (A, ol, . . . . ok; cl, . . . . c,) be an abstract algebra 
with 1 A 1 = n 2 m. Let F%,(n) be the formula for the number of isomor- 
phism types of algebras 3’ = (A, ol, . . . . ok) with 1 A 1 = n as given by 
Theorem 1. The mrmber of isomorphism types of algebras 
is given by 
% = (A, ol, . . . . ok; cl, . . . . c,,,) 
St+,FW(n - m) 
where the formula means that j, is replaced by j, + m throughout 
F%,(n - m). 
NUMERICAL RESULTS 
We present some numerical results in the most interesting cases. 
Since the number of types grows so rapidly, only very small values of 
n are considered. Note that the results of line 4 as compared with line 1 
confirm that, with designated constants, the number of isomorphism 
types increases since there is less freedom in constructing isomorphisms. 
Number of Rank 
Order of A 
operations Constant 
1 2 3 4 
1 2 None 1 10 3, 330 178, 981, 952 
2 2 None 1 136 64, 573, 605 
1 3 None 1 130 1, 270, 932, 917, 454 
1 2 1 1 16 9, 882 
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Note on a q-Series Transform 
Communicated by Mark Kac 
We define the finite q-series transform F(n) = F(n,f, g, q) of a function 
f with respect o another function g by the formula 
F(n) = q*'n-l'/2k~  (-- 1)k [k ]  [ g(kn) ] q~'k-*'f(k ) 
- -  ~-o [ n - -  k ] qe~-x~/2 q~,~-~ c , , - k - ~ / ' - f ( k )  ' 
(1) 
where 
[:] , ix] i-~ q~-- 1 ' 0 =1 
is the familiar q-binomial coefficient. 
The object of this note is to prove the following formal infinite series 
transform which generalizes a result of the author in [2]. 
THEOREM. For F(n) defined by (1) we have 
(--1)~F(n)un: ~ [g(ff) ]qktk-a'/Zu~f(k) 
n--O k~o 
f i  1 -- uqJ 
j-o 1 -- uqVte~-e+J ' (2) 
PROOF. It is sufficient o compare coefficients of u" in (2) and show 
that relation (1) holds. 
* Research supported by National Science Foundation grant GP-482. 
